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Heat and mass transfer during the violent collapse of nonspherical bubbles
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The very high speed of collapse of cavitation bubbles is responsible for a number of phenomena of
interest in science and engineering: Luminescence, sonochemistry, cavitation damage, ultrasonic
cleaning, etc. Strongly forced bubbles may collapse with such violence that the relatively slow
processes of diffusion of the heat of compression and of excess vapor to the bubble wall are
obviated. This leads to an approximately adiabatic system with nearly constant mass during the final
stages of extreme collapses, accompanied by the evolution of sharp thermal and compositional
boundary layers on either side of the interface. It is shown that the boundary layers, which are
involved in the determination of the interfacial temperature through the balance of sensible and
latent heats, may profitably be described mathematically through integral equations. This
complements well the boundary integral solution of the fluid dynamics, which has been the basis of
much progress in the field. @003 American Institute of Physic§DOI: 10.1063/1.1595647

I. INTRODUCTION nigue to account for théirrotationa) fluid motion outside
the bubble. Both report difficulties in resolving the very thin

When a bubble collapses near another bubble, a walboundary layers near the interfaces of violently collapsing
free surface, in a static or dynamic pressure gradient and ibubbles. Neither group considered mass transfer or the ther-
other situations, it may suffer from an instability that drives mal boundary layer in the liquid.
the shape to be nonspheri¢aThe collapsing nonspherical In the present work, we also begin with a boundary in-
bubble may develop a strong jet which is associated withegral simulation of the nonspherical collapse of a bubble
cavitation damage on a wallAs an illustration, in a bubble developed by Blaket al.”~*° We develop an integral equa-
field employed for the purposes of sonochemistry, nonspheriion form of the balance of sensible and latent heats at the
cal bubble collapse is associated with the acoustic pressuigterface that accounts for heat and mass transfer in the
field, acoustic streaming and nearby bubbles. This changasoundary layers within and outside of the bubble. The
the features of the collapse important to sonochemistry, suciethod we develop rests on one basic fact: That a material
as peak temperatures, pressures, strain rates, mixing, afithment in the fluid normal to a shear-free interface at one
radical production. The collapses can be sufficiently violeninstant, stays forever normal to that interfat&uch a ma-
that luminescence is producéd. terial filament, or more precisely such a filament at the place

In many applications heat and mass transfer to and fronivhere it meets the surface, is the back-bone on which our
the bubble are of importance. In the case of cavitation dammethod is constructed. Such surface-normal filaments have
age at a wall, the amount of gas that flows into the growingbeen used before in order to account for the effects of
bubble during expansion will determine what quantity of viscosity!**?
noncondensible remnants will provide new nuclei for the  When there are boundary layers, we make two assump-
next event. In sonochemistry, the transport of vapor into theions (beyond the shear-free interfad®e enable solution of
interior, and the flow(of some of the heat of compression the transport problem. The first is that the boundary layers
out into the liquid are crucial physical processes to include irare thin. The second is that surface-normal gradients domi-
a model to determine free radical production. nate surface parallel gradients. We make use of these as-

Heat and mass transfer in nonspherical bubble collapssumptions to write convective-diffusive transport equations
have been the subject of inquiry by numerical methods bealong the surface-normal material filament. These are partial
fore. Yuan and Prosperettittached a moving grid in the gas differential equations in the normal direction and time. There
to the bubble wall, in order to solve transport equations byis no convective term as the filament is a material filament
finite differences and determine the thermal boundary layeand we work in Lagrangian surface-normal coordinates.
structure. Yasuda and Takaffiraave used an unstructured There are no diffusive fluxes in the surface parallel direction
grid to solve by finite volumes the transport equations in thebecause by assumption these fluxes are much smaller than
bubble interior. Both groups used the boundary integral techsurface-normal fluxes.
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The assumption that surface-normal gradigiafstem-  computation of boundary layer quantities, and of the method
perature, vapor fraction, ejcdominate surface-parallel gra- of numerical solution of the governing equations. In Sec. IV
dients must be regarded critically. At regions of the surfaceve consider examples of violent nonspherical collapses of
characterized by high local curvature, one may expect thagas—vapor bubbles to illustrate the capabilities of the model.
the assumption is less accurate than over parts of the surfaSgpecial attention is paid to the influences on the peak tem-
where local curvature is relatively smaller. However, the fo-peratures achieved in bubbles collapsing in close proximity
cus of the present work is on accurate characterization do one another, or to a wall.
bulk conditions within the bubble. Regions of the surface
where the curvature is high are, of necessity, of limited spa-
tial extent. Moreover the surfa.lce-parallel' str'ain i_s normally”_ FORMULATION OF THE HEAT AND MASS
not large where the curvature is high, which implies that therg ANSEER PROBLEM
normal derivativegand hence flux per unit argé corre-
spondingly diminished. Hence, regions of intense curvature In a simple model of heat and mass transfer, we consider
contribute little to the net fluxes over the entire bubble sur-a bubble whose contents include an ideal gas plus vapor. In
face. The relatively large areas of extensive surface-parallgjeneral, there are a number of specdieBhe contents of the
strain and relaxed curvature have associated with them stedqbble (gas plus vapgrare assumed to be at uniform pres-
normal gradients which dominate the net flux contributionssure, composition and temperature, except for boundary lay-
on which the present work rests. ers in composition and temperature that arise during periods

Similar arguments apply to the assumption of a shearef rapid dynamics. The bubble exchanges heat and mass with
free interface between gas and liquid. Of course, there is ithe surrounding liquid at a rate that can be determined from
the physical problem a balance of shear stresses on the gas application of the first law of thermodynamics, together
and liquid sides of the interface. However, because the vewith solution of convective-diffusive transport equations for
locities (and velocity derivativesin the gas and liquid are heat and mass.
driven by the motions of thésam@ boundary, and because
gas viscosities are much smaller than liquid viscosities, thé\. Mixture properties and equation of state
shear-free condition at the boundary can be expected to hold

. S The contents of the bubble are modeled as a simple mix-
to a reasonable degree of approximatibf There is still a P

; L L ture, with the subscript used to denote the properties of
3 L
generation of vorticity at the boundaty?which is neglected peciesi. The mole fraction of speciekis x;; the mass

in the present work, and which leads to a nonzero norm raction isw; . The molar density i%; and the mass density

gradient of tangential velocity at the surfaleThis will "= \ve " ndicate dimensional quantities with a tilde.
cause material filaments to lean from normal at the interface ~ ~
ong these are the mean molecular mislss 3,;x;M; , the

The question is, what errors are associated with the negle@tm T —
of this effect? The answer lies in a consideration of the relagas constant for the mixtury;,==;»;R/M;, and the spe-
tive magnitude of surface-normal gradients versus surfacesific heat per unit mass of the mixtu @, mx=2%wCpi.
parallel gradients at the interface. The fact that material filaThese are constructed from the molecular mass and specific
ments, which we approximate as surface-normal, are tiltetieat of species (M; and<;;, respectively and the univer-
by the presence of vorticity near the interface is of consesal gas constariR. For an ideal gasﬁmixfép,mix—’év,mix.
quence only if surface-parallel gradients are of similar magThe equation of state is simply
nitude to surface-normal gradients—i.e., at areas of intense
curvature. As we have argued these areas are of very limited -~ POV
extent. The net effect of the neglect of vorticity will be small Ty()=———. @
on the net flux of interest in the present work. REiNi(t)

These surface-normal filament transport equations Cap|ere the number of moles of specicis .- the pressure is
be transformed into canonical linear parabolic partial differ-_ ~ ™ L’
ential equationsPDES9 by working in the reference configu-

P; the volume isV; and the temperature T, . The transport
ration in a surface-normal Lagrangian boundary layer Coorproperties of the mixture are determined in the same way as

dinate and by re-scaling time as in Ref. 14. The consequendB Ref. 15.

is that the surface-normal filament transport equations are . _

analytically tractable. From the solutions, we can construcE: Evolqt!on equations for the pressure and

terms required for the satisfaction of a balance of sensipi§omposition

and latent heats which must hold at every location on the The heat and mass transfer have an effect on the fluid

interface. dynamics outside the bubble through their modification of
In Sec. Il we develop the model, which begins with athe pressure evolution inside the bubble. Therefore, it is of

description of the mixture properties, followed by a discus-central importance to develop an equation for the evolution

sion of how the mechanics and thermodynamics are coupledf the pressure, which will couple the mechanics and ther-

through the bubble internal pressure. This is followed by amodynamics.

discussion of how the heat and mass transfer are coupled We begin with Eq. 18.3—-6 of Bird, Stewart, and

through the balance of sensible and latent heats at all pointsghtfoot,'® applied to the gas—vapor mixture within the

on the interface in Sec. Ill. We give details regarding thebubble
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-~ R; is the rate of production through chemical reactions. Next
— (pt)=—V-[pUv+g+pv]. (2 we substitute(4) into (3). Upon rearrangement, and after
substitution of the definition of the ratio of specific heatsf

Here the internal energy per unit mass of the mixtur@,is the mixture, this yields

and the energy flux relative to the mass average veldcisy

g=-k VT +3;HJ;. Note that this includes the energy @:_ V_T)d_VJF V_ﬁd_N+ 7;1 k ‘9T9 dA
flux caused by inter-diffusion in a mixture of speciksg.is dt Vd Nd v S
the thermal conductivity of the gae_ii is the partial molal
enthalpy of thath species, and the molar flux relative to the ~(y=1)> HR. (5)
I

mass average velocity &. In (2), we have neglected gravi-
tational effects, heating due to viscous dissipation and the
kinetic energy of the gas.

We integrate over the volume of the bub®ét) [with
surfacedV(t)] and use the divergence theorem to obtain

The number of moles of the different species in the
bubble evolves according to the molar flux at the interface
and the rate of production by chemical reactions in the uni-
form interior. Hence, we write

d - -~ — ~
__— (U dV=— | __ e, |pUV—KVT4+ > HJ; dN; e e
fv(t)j{ (P wi | P To 2.: ' — = Aol dA+RV. (6)
dt N
+PV|dA. NoteR, =5;/M; . Once the pressure and number of moles are

known, the temperature of the bubble contents is found from

Heree, is the unit normal directed toward the interior. Next the €quation of state.

we add a flux terny ;7)€,- [pUV|]dA to both sides and use C. Energy balance at the interface

the transport theorem to develop the more convenient form
Finally, all that is required is to connect the heat and

mass transfer. The interface is incapable of storing energy, so

d _
— | .. pudv= f~ ~ kg— dA f _ e, [PV ]dA the heat fluxes must balance to zero there. The balance of
dt 7V Vb T dn sensible and latent heat fluxes at the interface is
HAv) SRALTR WY
Lwt) |:2| |Jﬁ —EI Pivn )r hiy) kgﬁ- (7)

The coordinatéi is in the normal direction. Here, we have
def|neovr2,=v, V, as the velocity of specidgelative to the
moving interfacegliquid velocity) V,. Next we write the left

hand side using the definition of enthalpy per unit méss:
=TU+p/p. We also assume uniform pressure and tempera-

Of course,(7) should be satisfied point-wise on the surface.
The expression for the rate of evaporation or condensation of
species is given by’

, _ W
ture (except at the surfagéo obtain pivgl,)relz . _'~ (Pi— psat(TS)) )
27RT,
Gl dBe [ - Ty ~
— =—_V+t ~H 9 dA HereTs is the surface temperature. The accommodation co-
dt dt efficient o is taken to be 0.48
- fN e > ﬁiﬁiVEQ dA. (3) D. Dimensionless variables
V(1)

i
Now we recast the main equations in terms of dimen-
Now from the definitiorﬁt 1=2-N-ﬁ we use the conti- sionless variables. As a length scale, we choose the maxi-
ot— <iNil iy . o~
nuity equation for specieisand the equation of state of com- Mum bubble radiu®,,. As a pressure scale, we choose the
pute directly far field pressure minus the vapor pressurdl at i.e., the

pressure scale BP=P..—Psa(T-). An associated velocity

dHtot = il scale isyAP/p,;. From the length scale and velocity scale,
= (i ~ ~
@ Z HR Lw)en' 2 HifVe | dA we construct the time scatg. The temperature scaleTs, .

It is also convenient to define a scale for the number of
B &  +RF. dN moles inside the bubbl&y,=APR,/(RT..).
- V_~p+ 4 — LAhas —. (4) With these definitions, the evolution equation for the
y=1 dt v=1 dt 7»—1dt pressurg5) becomes
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dp ypdvV yp dN 1 y-1 T to diffuse to or from the interface. The temperature in the
GV dt + N at + Pe, v MO n dA deep interior increases or decreases owing to compression or

9 expansion, but thermal conduction to or from the deep inte-

rior is too slow to be of direct consequence. In the composi-

—(r= 1)2 HiR;. ©) tional boundary layer, water near the interface can evaporate
) ] . or condense and diffuse short distances. The rate of phase

The evolution equation for the number of moles is change is determined by both the temperature and the mix-
dN, 0 ture cpmposition at the interface. Hence, there is a complex
e Lv(t)nivn,re|dA+ RV. (100 coupling between phase change and the thermal boundary

layers inside and outside the bubble surface.
The equation of state which determines the temperature of The key innovation of our approach is to solve the

the interior is convective-diffusive transport equations in the three bound-
ary layers using a grid-free approach. This leads naturally to
POV(D) . i :
T =—<—. (1) an integral equation statement of the balance of sensible and
ZiN; latent heats at the interface, which is readily solved for the
The rate of evaporation or condensation of speties interfacial temperature.
1

1. Slow dynamics

M= —o —(p—pikTY). (12
sl VyMa, ZWTs(p' Peaf Ts In the case of slow dynamics, the temperature within the

. . bubble is uniform and sufficiently low th&;~0. From the
i'ghe balance of sensible and latent heat fluxes at the mterfaceequation of state, the solution 1) should bep(t)V(t)

=N(t). If one substitutes this int®) the result is
aT, o
- k'&_n = 7’hlvpeh,lMachEi Minivp ety pd_V_ d_N: LJ k &_ngA. (14)
dt  dt  PengJav

9on
In other words,(14) determines the amount of heat transfer
that maintains a constant bulk temperature despite a change
in the volume and/or number of molecules. The number of
moles changes according to

(?Tg'm

~kiokg 50~

13

In these equations, the dimensionless parameters Mye:

=M/Mo,  Ru=Rmx/(RIMo),  Pey =(RE/T/ N

T~ = 2 A=~ = F 2 A~ : .

(k|gLP|C&|)a Malz(Ap/pl)/(Cp,l-lz—w)! Mao=(ApiP|)/ d_t':J niv(nl,)reldA' (15)
(YRT../My), Pen g=(Pey Ma) ki, h,=(hy,)/ MY

(€pT-), kio=Kgo/kio, andH;=H,/(RT..). During slow dynamics, we solvél5), update the pressure

Other dimensionless parameters associated with the fluidsing the equation of state, and determine the fluid mechan-
mechanics are: the initial overpressure-P,/AP, the We- ics using the boundary integral method.
ber number formed from the surface tensiéy, and the

stand-off distancd =%, /R,,. 2. Rapid dynamics
. ' In the case of rapid dynamics, spatial fluxes of heat and
E. Slow and rapid dynamics mass relative to the mass average velocity are confined to the

A basic simplification we shall exploit is to regard the thermal and compositional boundgry layers. In the bulk, the
dynamics at any point in time as eithelowor rapid. Some- number of moles changes according to
what cruder versions of this approagte., without resolu- dN;
tion of boundary layer$® or with a simple model for bound- o RV (16)
ary layer thicknes$'?% were taken recently for spherical
bubbles. The basic idea was found to be accurate when conVe determine interfacial temperature from the balance of
pared with direct numerical simulatidn. sensible and latent heat3); the history of the interfacial

If the motion is slow, then the temperature and compoteémperature determines the heat and mass fluxes at the inter-
sition fields within the bubble are assumed to be uniformface in a way that is developed in Sec. Ill. This information
During slow dynamics, water vapor freely enters or exits theS used to calculate the two integrals required to update the
bubble. Associated with evaporation or condensation, there fgressure, which evolves according to
a small change in the interfacial temperature, but this is ne- dp ypdV yp

glected. The temperature within the bubble is simply the far- —=—-— —+ f no'l dA+ RV
. . Lo dt V o dt N N(t) '
field temperature in the liquid.
If the motion is rapid, then boundary layers form in the 1 Ty
temperature and composition fields. The deep interior of the + W Lvu) ngA—(y— 1)2i HR. (17
9

bubble is isolated from the liquid by a thermal and compo-
sitional boundary layer. The fraction of water vapor in theHence during rapid dynamics, solution @) and(17) de-
deep interior is constant, as water vapor has insufficient timéermine the number of moles in the bulk and the pressure;
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next, one can update the bulk temperature from the equatioNow we pass formally to the boundary layer lirite, |

of state; the interface temperature is determined using tech-o0 by the introduction of the boundary layer coordinate

niques developed in Sec. lll; and the fluid dynamics is ac-z—nOPeﬁflzzo. This yields the following partial differential

counted for using the boundary integral method. equation along the filament:
aTy [ ang|?a%T, -
ot Nl on) e 20

I1l. INTEGRAL EQUATION FOR THE BALANCE OF

SENSIBLE AND LATENT HEATS AT THE INTERFACE Here the surface normal stradmg/dn andk, are regarded as
functions oft only, if one interpretg20) as applying to a

In this section, we develop a technique for satisfaction okjngle filament at a time. Alternatively we may regard them

the heat balanc€l3). This equation must be satisfied point- a5 functions of &,t) for convenience. In practice, we com-

wise, eVeryWhere along the interface. The Strategy is as folpute the surface normal strain from the mmlja”y mate-

lows. The surface normal transport equations in the thermajg) volume conservation statememdA=dnydA, where

and compositional boundary layers may be recast as canonia s the area of a material patch of the surface.

cal parabolic PDEs, for which é&onvolution integral rep- Now, we pursue a formal solution ¢20), following the
resentation of the solution may be obtained. We recast thRjeas of Ref. 14. We introduce a new timedefined by

flux terms of(13) as history integrals found by differentiat-

ing these integral representations of the solutions for the tem- ¢ :th dng de

perature and composition in the boundary layers. This con- n(H= \“on '

stitutes an integral equation representation(@), which is ) ) ) )
readily solved numerically for the interfacial temperature at!n {€rms of this new time(20) becomes simply a canonical
the next time step. We begin the development with a consigP@rabolic partial differential equation

eration of the(convolution integral representations of the aT,  9%T,

solutions in the thermal and compositional boundary layers. &—ﬂ= ek

A. Thermal boundary layer outside the bubble It may be useful to consider a measure of the boundary layer

In this subsection, we shall develop an expression for théh'CkneSS’ which isfs= /7, or
heat flux in the liquid at the interface, as a function of the an T
history of the interfacial temperature. The energy equation in ~ on, - NVpe.
the liquid is, in dimensionless terms o ¥ Fen

For convenience, we transform the dependent variablg to

%: LV(k,VT,). (18) =T,—1. Then the initial and far-field conditions are homo-
Dt Pey, geneous. A solution may be obtained by Laplace transform,
The far-field and initial conditions arg = 1. after which one computes the interfacial flux as a convolu-

Now we make use of the fact that surface-normal matetion involving the interfacial temperature:
rial filaments remain surface-normal at a shear-free interface. : 1 T
We rewrite (18) (partially) in Lagrangian coordinatest(n) = f - _Sd¢_
where at the surfacé,is an arc length coordinate amds a s=0 J0NT(T— ) d¢
”0”‘?""' cqordlnate. The ;ubscnpt 0 denot_es the refergnthe heat flux per unit area for use (h3) is, therefore,
configuration. For convenience, we take this to be the time
aT,
on

0,
Js

when the dynamics switches from slow to rapid. This yields

aT, 11 (7( aT,
ot €210 Pey, r on an

an,
an

26,
ds

=kPey]
n=0

[ (22

n=0 s=0

We note that the idea of working in a surface-normal

Lagrangian coordinate appears to have been pioneered by

Note t'hat the(strong adygcﬂon Is accounted for by the La- Plesset and Zwick in a spherically symmetric heat diffusion
grangian coordinates; it is not neglected. One should now

regardr (the distance from the axis of symmetry to the pointpmblem' Those authors used ath hocexpansion technique
. ) ) . implify the problem in the vicinity of th herical sur-
in question as an instantaneous function §fandn. Here, to simplify the proble the vicinity of the spherical su

we are anticipating a boundary layer specialization of thiace' Thereafter, they made use of the new time obtain

enerav equation in the liauid: in so doina we have nealecte he canonical parabolic partial differential equation. In Ref.
gy ed quid, 9 9 4, the same ends were accomplished in a spherical domain

diffusive transport along the bubble interface in favor of dif- by use of a formal perturbation procedure, in the limit of

fusive transport normal to the interface. Seen in this light, thefarge Pe The present work is the first in which these ideas
equation should now be regarded as applying to a Singl%\re applied in the vicinity of a nonspherical surface
surface-normal material filament. Written wholly in Lagrang- '

ian terms, this equation takes the form
aT, 1 1dny 9 ang aT.)

= — r—_
gt Peyr an dngl ' an dng

B. Thermal boundary layer inside the bubble

(19 In this subsection, we shall develop an expression for the
heat flux in the gas at the interface, as a function of the
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history of the interfacial temperature and other relevantonditions become homogeneous. But the variable change
guantities. This allows for the computation of the secondntroduces a second inhomogeneous term in the partial dif-
term on the right hand side ¢13). ferential equation

In order to formulate an equation for the temperature in

2 92
the thermal boundary layer in the bubble interior, we begin c _‘9_094_ c _ﬂ_ d_p: % J 09_ (24)
) ) ) ) . PEp,mix” ™ T PLpmix” 0 g T Re| T 902
with a dimensionless form of the energy equation equivalent v o

to (2), but neglecting chemical reactions and terms related tqhe two inhomogeneous terms in this equation may be ne-

the compositional diffusive flux glected, for the following reason. Subject to the same as-
DT dp 1 sumpFions as used in 'Fhe derivation of the pressure evolution

pCp’miXﬁ— s mv-(kgVTg). equation, the change in entropy of the gas mixtBis

Because the region is cooler than the interior, these phenomy. mixﬂ_ d_p: E d_S

ena will be of lesser importance. Again we make use of the Pt dt Vot

fact that surface-normal material filaments remain surface 1 1 aT

normal at a shear-free interface, but now specialized to such =P VJ kng dA—Z HiR;.

material filaments in the bubble interior. We rewrite this Ehg V Joviy © N !

equation(partially) in Lagrangian coordinate&,v). As be- (25

fore, the subscript O denotes the reference configuration. Wﬁence the terms involving,, andp on the left hand side of
’ g

. . . . a(54) can be understood to be spatially homogenemes
be regarded as equivalent in the present configuration, (25)]. They do not affect the flux we compute from the

=n, this implies that/y# n in the past c_onflguratlon owing boundary layer solution, so we drop these terms; we are left
to the fact that the gas and vapor in the interior are compress-

) . . with

ible. In the calculation, we relate and vy via the mass

conservation statement for a material volurpgsdvdA d0y (&vo)zazﬁg
g

= pgs0dVodAg. Here,pysis the mixture density on the inter- PComix g =X\ 7| 552 -

face. This leads to a useful result relating the surface normal ) ) )
strains in the gas and liquid Next, we introduce a new time, defined by

t Kk ve\? .
v _pgso = [ 2o
vy Pgs Mg’ 0PCp,mix | IV
We remark that the ratipys/pgs o varies over orders of mag- In terms of7y ando, the PDE is transformed to the canonical

nitude in a strong collapse. In terms of these coordinates, wearabolic equation. A measure of the boundary layer thick-
have ness iséo =74 oOr

dp_ 1 1 d k &Tg,bl 5 . Jv Tg _ an pgs,O Tg
dt Pengr dv o' v |’ Vg_c?vo VPe,, dng pgs Y Péng

g

c ‘ aTg’m
PCLp, mix ot

o070
A solution for 6 is obtained by Laplace transform, after

Note that we have writtef to distinguish the tempera- . . .
9.bl 9 b which one computes the interfacial flux

ture from that deep in the interiddl). As before, we have
neglected diffusive transport along the bubble interface in 7y 1 d
favor of diffusive transport normal to the interface. Written = f — —(
wholly in terms of Lagrangian coordinates, this equation o=0 S0 NT(Tg— ) de
takes the form The flux for use in(13) is

o ITap dp_ 1 Ldve 9 voTgp
PEPmMX"ot ™" dt ~ Peng I v dwel @ v dvg |

2%
Jdo

Ts—Tg)de.

T v 00
g.bl / 0 g9

- krOkg an = - krokgPeﬁ; E (9_
= =0 o

(22 = v "=(°26)

Now we pass formally to the boundary layer linfte, 4
—oo by the introduction of the boundary layer coordinate C. Compositional boundary layer inside the bubble
o= voPeﬁ’ézo. This yields the following partial differential

equation along the filament:

ﬁTg,bI dp B
Pcp,mixT_ E_ g

Finally, we develop an expression for the vapor fraction
at the interface, as a function of the history of the vapor flux
dvg\ 2 aZTg,m due to phase change. This permits evaluation of the first term
3—,,) T (23 on the right hand side dfL3).

o . In order to formulate an equation for the vapor fraction
The boundary and initial conditions arefq,(0=01) 4t the interface we begin with a dimensionless form of the
=Ts(1), Tgp(o—>,1)=Ty(t) andTyp(o,t=0)=1. Note  gpecies transport equatién

T4(0)=T4(0)=1. _ 5 . MM

B Next we transform the dependent_ \_/e_mable ag(oft) Pp2 _ —p Vv V-[p 1 . 2 DV,
=Ty pi(o,t)=Ty(t). In terms ofdy, the initial and far-field Dt Peng M
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Here,x, is the mole fraction of vapor, and thé @&t number 1
for mass transfer in the gas Rey, = (R%/t)/D210. The

divergence of the mass-average velocity can be written in 0.8
terms of the material derivative ¢f, which allows for the

simplification to 40.6
-
Dw, P e
2 = . 0.4
p Dt Pem’gv P M2 D21VX2 0.

Here w, is the mass fraction of vapor. We rewrite this equa- ¢.2}
tion (partially) in Lagrangian coordinate&, v). This yields

P 1 J MlMZD (9X2 0
- Péng I dv P\2 21 v

2 (9&)2
ot

0 1 2 3
time

p

. L FIG. 1. Dimensionless radius of a spherical bubble versus dimensionless
For convenience, we write,=M PZ/(M 2P)_- time. The dot shows when the dynamics switch from slow to rapid, where-
As before, we have neglected diffusive transport alongipon the boundary layers commence growth. Lengths made dimensionless

the bubble interface in favor of diffusive transport normal to by Rmax-
the interface. Written wholly in terms of Lagrangian coordi-
nates, this equation takes the form

2202 2002 p ldvg 4 ( MM, g 9X; predicted position. A predicted volume is computed. If the

at Pemg roav dvg ViR Jdv 5 dynamics are slow, the pressure is determined once the num-
ber of moles of vapor is updated froth5). If the dynamics

are rapid, the pressure is determined fr@ii); the number

of moles in the bulk changes only by chemical reactib®).
During rapid dynamics, we predict the new interfacial tem-
perature by iterating to satisfyt3), making use 0f12), (21),

Now we pass formally to the boundary layer linfte,,
—o by the introduction of the boundary layer coordinate
n=woPen:=0. This yields the following partial differential

equation along the filament:

dw, My vy |? Pwy (26), and(28) to write all the terms of13) as integrals over
ot M CA T, (;_,72 @27 the history of T4. Then the time step is completed by cor-
o N recting all of the values.
The boundary and initial conditions arew,(7—,t) Finally, we describe briefly the method for switching
=3z, wp(7,1=0)=ws., and the flux condition at the oyer from slow to rapid dynamics. The idea is to make the
interface switch when the time scale for bubble dynamics becomes
p My vy dw, 2 shorter _thar! the time scale fpr diffusive_ processes in the
- @Q_VD21W W: Monou e - bubble interior. We must consider both diffusion of heat to
m.9 the wall of the collapsing bubble, and the diffusion of vapor
During rapid dynamicse,.. is constant. to the wall(where it condenses during collapsBecause the
Next, we introduce a new time, defined by Peclet numbers for heat and mass transfer in the interior are
very similar, we simply take the average of the two time
dvg\“ . . . . .
()= f D21< ) dt. scales for thermal and mass diffusion. In dimensionless
terms, the dynamics is slow when

In terms of74 ando, the PDE is transformed to the canonical
parabolic equation. The measure of the boundary layer thick-
ness isén,= 7. Oor

5 F
an Pgs,0 Tc
Sve=———"\=—.
dNg Pgs Pemg Al
A solution is obtained by Laplace transform, after which one ‘5
computes the composition at the interface as 2
27
/— £
(5 OTC) W30 \/—f Q(¢)d¢ It
28 7
where[ dw, /1] s-0=0.
1k A ‘
; 0 1 2 3
D. Solution method time

The method i§ as follows. We first predict_ the surfacerig. 2. pimensionless bulk temperature versus dimensionless time for the
velocities on the interface, and advance the interface to Bubble in Fig. 1.
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3 5
2.5
4
I b
[0} P 3r
1.5 8
Q
= 3
1r (1)2>
s}
0.5>/—\——' 1
O - L
0 1 i 3 0.05 0 0.05 0.1 0.15 0.2 0.25
normal coordinate

g.IG' 8. .Dlrl'nenstl_onlesfs n:r?les of af%“;‘?pelr curvgand water vapor versus FIG. 5. Dimensionless temperature profile normal to the surface at the point
Imensioniess time, for the case ot Fig. 1. of minimum volume for the bubble of Fig. 1. The location of the interface is
set at 0; liquid occupies the space left of 0 and the bubble interior is to the

right of 0. Lengths made dimensionless Ry,,y-

4_77 2/3\/1/3 D2 " kg/(pcp,mix)
3 Peng Peng '
Otherwise it is rapid. The numerical pre-factor ensures thatfom doing so for two reasons. First, more intense collapses

the bubble dynamics time scaleR¥R in the special case of will involve chemical changes in the gas mixture, which we
neglect for simplicity in the present work. Second, laser in-

a spherical bubble, in agreement with our earlier work. 2 X s ,
P g duced cavitation bubbles, which provide a natural experi-
mental case for comparisén*?223are complicated by an
IV. EXAMPLES initial condition which it is not obvious how to model. We

\'/<6(

Now we turn to a demonstration of the model with sev-l€ave these issues for future work.
eral examples. To fix an example, we must define the iden- The scales and d|men5|onles~s numbers common to all
tities of the liquid and gas; set the maximum radius, the statithe cases are as follows: length sdajg=50x 10" ° m; time
pressure and far-field temperature; and define the initiagcale t,=0.499261x10°°s; pressure scale AP
stand—oﬁ distance. In thg present work, we consider argon-100000.0 Pa; temperature scale,=298.15K; moles
bubbles in Water ata statlp pressure of _1 bar and temperaFuggme Ne=0.504 244 10~ kgmoles; liquid thermal con-
25°C. The maximum radius of an equivalent isolated adia-, . .~ ~ ) -
batic bubble is set at 50 microns. The stand-off distance wiIPUCt'VIty Kjo=0.62 W/m_K, ggs thermal COhdUCtIVIQ}(go
be varied. The initial over-pressure is=1000. The ex- — 0-0175742 W_/TK;Z diffusivity of vapor in gas Do
amples are not intended to be exhaustive, but rather illustra- 0-626 093¢10"" m%/s; initial ratio of specific heats of
tive of the kinds of results one can obtain with the model,Mixture y=1.666 65; Pelet number for heat transfer in the
and of the considerations that play a role in determination ofiduid P& =3,365.66; Pelet number for heat transfer n
the energy focusing associated with a nonspherical bubbli1® 9asP €, g=9.556 54; Pelet number for mass transfer in
the gasPe;,,=7.99785; Mach number in the gada,

collapse. i -
Although it is of interest to simulate more violent col- —0-0311416;  Mach number in the liquidMa,

lapses than the ones we consider below, we shall here refrain

1.25

[
g 1.03 " 1.2
3 i
gl.025 i 0 1.15
g ! 3
2 1.02 ! 811
@ ; g
2 ‘ (3]
L 1.015 ! B‘l .05
[1\] Il 5]
T 1.01} ; s
] : :
& " 0.95
©1.005 ! :
2 /
B e et et e d Z6.0i5 -0.01 -0.005 0 0.005

0 1 2 3 normal coordinate
time ) . ) -
FIG. 6. Detail near the interface of the boundary layer profiles shown in Fig.

FIG. 4. Dimensionless interfacial temperature versus dimensionless time fds. The kink at O(the interfacg is a consequence of the differing thermal
the case of Fig. 1. For this collapse, the interface heats from 25 °C teonductivities in the liquid(left) and gas—vapor mixturéight). Lengths
34.9 °C at the maximum. made dimensionless Hy.y-
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3
0.175 2.5
2
0.15¢ N]1.5 .
1
W W e 9P

FIG. 9. Snapshots of the shape and position of a bubble growing and col-

vapor fraction
o
[

0.075 lapsing near a solid wall or another bubble. The dimensionless times are 0,
0.05 2.065 96(time of maximum volumg 4.300 01(time just before toroidal
transitior), 4.300 10(time just after toroidal transition 4.368 25(time of
0.025 minimum volume, 4.413 01, plotted left to right. The dimensionless stand-
0 } ‘ , ‘ off distancez,/Rya,=1.213 87. Lengths made dimensionlessRyy,y.
0 0.5 1 1.5 2 2.5 3 3.5
time

FIG. 7. Vapor fraction in the bulksolid) and on the interfacédashed j[Ude of this increa?(ﬂ:ig.- 4). The Condu?tion of heat to the
versus dimensionless time for the case of Fig. 1. interface from the interior leads to a thinner boundary layer

in the liquid outside the bubble. These thermal boundary
layers are depicted in Fig. 5 and in a close view in Fig. 6.
=0.00897132; latent heat of vaporizatidn,=1.82322; The profiles in Figs. 5 and 6 are reconstructed from the so-
Weber numbeWe=0.0142. The initial radius of the bubble |utions of the thermal transport equations. This is done only
is ﬁ0:4.439 294um. for the purposes of visualization; it is never necessary to
Note that if one included heat and mass transfer, aletermine the whole boundary layer profile to compLgby
spherical bubble subjected to these same initial conditionthe methods we have described above.
will grow to R;,5,=92.6789um rather than to the scale size Of great importance to the determination of the interfa-

R,,. For consistency with prior work in this area, we reportcial temperature is the concentration boundary layer, which
results from the diffusion of vapor from the bulk to the in-

terface. During rapid dynamics, the interfacial vapor fraction
Rin- drops far below the bulk vapor fractiaifrig. 7), just as the
interfacial temperature is much less than the bulk tempera-
ture.

We consider first the radial case. This is achieved using
the present methods by setting the dimensionless stand-df. Nonspherical bubbles
distance to be a large number and checking that no shape Now we consider the same size and initial composition
instability is excited during the collapse. Otherwise theqt phypple, with the same initial overpressure, but now near a
spherical run we examine first is computed at the same resQgjig wall—or twice the distance from a bubble of identical
lution and using the same methods as the nonspherical casgse The calculations of the fluid mechanics exploit the

we examine later. o boundary integral method and code of Blatteal®~° and
The bubble expands as a consequence of its initial ovelye, development by Pearsetal? An example of such a
pressure, and subsequently collapses. fdwial response

through the minimum volume is shown in Fig. 1. The dy-

namics switch from slow to rapid during the collapse, which

traps excess hedfFig. 2 and vapor(Fig. 3. 4
The compression heating of the bubble contents leads to

a boundary layer between the bulk interior and the relatively

cool interface. The interface heats as a result, but the rela-

the dimensionless stand-off distance usRg,, rather than

A. Spherically symmetric bubbles

tively larger thermal capacity of the liquid limits the magni- g
—2
o
»
4
3.5 1
3 |
o
2.5} O O & ol
N2 0 1 2 3 4
1.5 time
1 E
0.5 FIG. 10. Dimensionless volume of nonspherical bubbles versus dimension-
’ less time. The dots indicate the point in time where the dynamics switch

from slow to rapid. Collapses nearer the wall are delayed longer. The di-
FIG. 8. Snapshots of the shape and position of a bubble growing and colensionless stand-off distance of the runs showiz,ifR.—=5.394 97,
lapsing near a solid wall or another bubble. The dimensionless times are @.697 48, 1.888 24, 1.483 62, 1.213 87, 1.078 99, 0.944 119, 0.809 245, and
2.115 54(time of maximum volumg 4.014 09, 4.063 74time of minimum 0.728 32 from left to right. The bubbles have the same contents atttime
volume, and 4.157 42, plotted left to right. The dimensionless stand-off =0, and are driven by the same pressure difference. Lengths made dimen-
distance iszy/Ry,.=2.697 48. Lengths made dimensionlessRyy,y. sionless byRax-
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g 0.5
=]
Rl
g
&3r 3
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A .
Nl.fi » @ @ qQ
0.5 ;
l.
0 1 2 3 4

time FIG. 13. Shapes at equivalent times for comparable bubbles, except that the

upper row is computed with full heat and mass transfer, and the lower row

FIG. 11. Dimensionless bulk temperature versus dimensionless time for this computed for the gross approximation of no mass transfer, and isothermal

nonspherical bubbles in Fig. 10. The bulk temperature curves depart from fio adiabatic switching at the slow to rapid transition time. The snapshots are

in descending order with the stand-off distance. Bubbles nearer the wakt the following times: Initial conditiorfupper time 0, lower ) maximum

have lower peak temperatures, generally, but there is no monotonic relatiorvolume(2.102 68, 2.014 54 minimum volume(4.155 69, 4.049 01 before

ship owing to a sensitive dependence of the minimum volume at collapse otoroidal transition(4.212 77, 4.089 03 after toroidal transition4.212 79,

the details of the bubble shape, as shown in Fig. 12. 4.089 09, final (4.213 33, 4.139 05 The dimensionless stand-off distance
of the runs shown iz, /R,=1.88824. Lengths made dimensionless by
Rmax for the case with full heat and mass transfer.

collapse, which leads to an inwardly directed jet that does
not, however, traverse the interior to the other side before the

bubble reache_s minimum volume, is shown n F|g._8_. AseC'methods of the present workvith that based on a much
ond example in Fig. 9 shows a topological transition to a_. o . L
toroidal bubble simpler approximation. In the simpler approximation, when

. . . . th nami re slow, th le is treat n isothermal
For otherwise initially identical bubbles at varying e dynamics are slow, the bubble is treated as an isotherma

stand-off distance, we show the dimensionless volFiss constant mass system. When the dynamics are rapid, the
10) and bulk temperatureiig. 11) versus time. Collapses of bubble is treated as an adiabatic system. This approximation

leads to more physically accurate results than a simple con-

more closely spaced bubbles are delayed relative to MO ant polytropic approximation, which suffers from intense

distantly spaced bubbles. Those which are close enough UThd unrealistic expansion cooling owing to the suppression

lc;ergg t(rzirr:zlrglsgstouititlorg:galrr?ii?nr?uer:y’tgr;ﬁjr;upvoorllutrgiz Cizl'of evaporation. The comparison is shown in Figs. 13-15.
P . L The isothermal-adiabatic bubble grows to a smaller maxi-
reached before re-expansion. The volume minima of bubbles . . : L .
. . ~ . mum radius, collapses earlier, but with a significantly higher

nearer the wall, which are toroidal, are more gradual; the

: . bﬁ)eak temperature than the model of the present work. The
corresponding temperature peaks are generally considera ¥ . : . .
aller maximum radius and earlier collapse are associated

lower than unconstrained bubbles at large stand-off. HOWWith suppression of influx of vapor. The higher peak tem-

e;]/er, the peak tempere_\tgres are a sensmy € funpuon of .th erature of the isothermal-adiabatic bubble is associated with
shape and volume at minimum volume, which varies CCJnSIdfhe adiabatic collapse, during which no energy is lost to the
erably with stand-off distancé~ig. 12). liquid

In the final analysis, the importance of modeling heat '
and mass transfer is to enable accurate prediction of peak
temperatures in the bubble interior at a violent nonspherical

collapse. This may be appreciated from the following com-
parison. We compare the case of a bubble growth and col-
lapse computed with full heat and mass trangtesing the
3

Q
O . 5
- . .6| 2
g4 . . >
25 e
5, o 1
(0]
g‘ 1 © Q2
3 0 e 38 208 o o o o 0

- . . 0 1 2 3 4

FIG. 12. Shape at minimum volume and dimensionless peak temperature for time

the bubbles of Fig. 10. The shapes are shown with the actual stand-off

distance at minimum volume, for bubbles initiated at decreasing stand-offIG. 14. Dimensionless volume versus dimensionless time for the two com-
distance from left to right. Note that in some cases the minimum volumeparable bubbles of Fig. 13. The bubble with full heat and mass transfer
occurs for simply connected bubbles; in other cases the volume minimum igrows larger and collapses later. Lengths made dimensionle§s,Qyfor
achieved by toroidal bubbles. Lengths made dimensionled® Jy. the case with full heat and mass transfer.
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